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Dynamic Analysis of a Spinning Timoshenko Beam
by the Differential Quadrature Method

Siu-Tong Choi,* Jiunn-Der Wu," and Yu-Tuan Chou®
National Cheng-Kung University, Tainan 70101, Taiwan, Republic of China

The dynamiccharacteristics of a spinning Timoshenko beam are investigated by using the differential quadrature
method (DQM). The beam is subject to any combination of free, simply supported, clamped, and elastically
supported boundary conditions. The weighting matrices in the differential quadrature formulation are modified
to incorporate classical boundary conditions of the beam, whereas boundary conditions of elastic supports are
incorporated into the discretized equations. Numerical results of the spinning Timoshenko beam obtained by the
DQM are compared with the exact solutions or results obtained by the finite element method. The results show the
high accuracy and efficiency of the differential quadrature method.

Nomenclature
A = cross-sectionalarea of beam
[C?] = damping matrix of elastic supports
C,.,C,, =damping coefficients
E = Young’s modulus
G = shear modulus
[G] = gyroscopic matrix
1 = transverse moment of inertia
J, = polar mass moment of inertia
[K] = stiffness matrix
[K?] = stiffness matrix of elastic supports
K., K,, =springconstants
[ = length of beam
[M] = mass matrix
M., M, =bending moments
N = number of sampling points
R = radius of circular cross section of beam
Uy, Uy = transverse deflections
Ve, Vy = shear forces
W;; = weighting coefficients
X; = location of ith sampling points
K = shear coefficient
P = mass density
Pus @ = rotational displacements
Q = spinning speed of beam

Introduction

PINNING structures can be found in rotating machinery sys-

tems such as motors, engines, and turbines. Natural frequencies
and mode shapes of such structures are important in the design of
systems. Flexural vibrations of beams have been of considerable
interest for engineers. It is known that the classical Bernoulli-Euler
beam theory predicts with adequate engineering accuracy the fre-
quencies of flexural vibration of the lower modes of relatively long,
slender beams. For beams having cross-sectionaldimensions of the
same order of magnitude as their lengths, or when higher modes of
beams are desired, results obtained by using the Timoshenko beam
theory have been shown in good agreement with results by the clas-
sical formulation of elasticity and give a good approximation to
experimental results.
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The response of a rotating shaft with a Timoshenko beam model
was analyzed by using an integral transformation method by Katz
et al.! The free flexural vibration of a spinning Timoshenko beam
with classical boundary conditions was analytically solved by Zu
and Han.? They also obtained the dynamic response of a spinning
Timoshenko beam with general boundary conditions and subjected
to a moving load.?

The differentialquadrature method (DQM) is a numerical method
that is suitable for solving initial- and/or boundary-value problems
and is able to provide highly accurate results with small computa-
tional effort. This method was developed by Bellman and Casti* and
Bellman et al.’ in the 1970s for solving partial differentialequations.
The authors of Refs. 6-8 applied this method to structural problems
involving fourth-orderpartial differentialequations. Sherbourneand
Pandey® analyzed buckling of beams and composite plates by using
the DQM. Using the DQM, Laura and Gutierrez'* studied vibration
behavior of Timoshenko beams. Other investigators applied this
method to other areas of applications: Shu and Richards'' solved
the two-dimensionalincompressible Navier-Stokes equation by us-
ing a generalized differential quadrature method; Gutierrez and
Laura!? solved the Helmholtz equation in a parallelogram domain
with mixed boundary conditions; Du et al.!* used the generalized
DQM for structural analysis. Bert and Malik'* reviewed the recent
development of the DQM in computational mechanics. Malik and
Bert!® developed three-dimensionalelasticity solutions for free vi-
brations of rectangular plates by DQM.

However, there is a major drawback for DQM when dealing with
governingequationsof fourth or higher orders for which two or more
boundary conditions are specified at each boundary points. Numer-
ical error is induced by using the direct deletion or &-point method
in the original DQM because boundary conditions are not exactly
satisfied at the boundary points, especially for natural boundary con-
ditions. Choi and Chou'¢ developed the modified DQM, in which
modified weighting matrices are used, for structural analysis, and
the just-mentioned drawback in the original DQM was overcome.

In this paper the dynamic characteristics of a spinning
Timoshenkobeam are investigated by using the differential quadra-
ture method, and a new approach for application of the bound-
ary conditions is presented. Natural frequencies of a spinning
Timoshenko beam with classical boundary conditions are obtained
by DQM and are compared with the exact values obtained by Zu and
Han.? For elastically supportedspinning Timoshenko beams, results
obtained by the differential quadrature method are compared with
those obtained by the finite element method. Excellent agreements
are observed from these comparisons.

DQM
The basic idea of the differential quadrature method is that the
derivative of a function, with respect to a space variable at a given
sampling point, is approximated as a weighted linear sum of the
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functional values at all of the sampling points in the domain of that
variable. By applying the differential quadrature (DQ) formulation,
the partial differential equation is then reduced to a set of algebraic
equations for time-independent problems and a set of ordinary dif-
ferential equations in time for initial/boundary-value problems. As
for any polynomial approach, the accuracy of the solution by this
method increases as the order of the polynomial increases. Possible
oscillations of numerical results arising from higher-order polyno-
mials can be avoided by using numerical interpolation methods.

For a function f(x) a DQ approximation for the first derivative
at the ith sampling pointis given by

—f(x )= Z (X)),

j=1

i=12...,N (1)

where f(x;) is the functional value at the sampling point x;.
Equation (1) is the DQ rule. To determine the weighting coeffi-
cients, the function f(x) is represented by a test function, such as a
polynomial:

fx) =x*71,
Substituting Eq. (2) into Eq. (1), one obtains

k=1 ~
> W

ji=1

k=1,2,....N 2)

- Dx*7?, ik=1,2,...,N (3

This expressionrepresents N setsof N linearalgebraicequations for
the weighting coefficients W;;. The sets have a unique solution for
W;; because the matrix of elements xjf ~! representsa Vandermonde
matrix whose inverse always exists.!” For obtaining good accu-
racy of the analyzed results, it is important to choose appropriate
sampling points in the domain. Following Bert and Malik,'* the
sampling points are generated by the following equation:

x; = {1 —cosl(i — /(N — D]}/2, i=1,2,....,N (4)

Other sampling points,such as uniformly spaced ones, could be used
as well. Experience shows that numerical results are more accurate
by using the sampling points generated from Eq. (4) than those by
using other sampling points. Once the sampling points are selected,
the weighting coefficients W;; can be obtained.

Equations of Motion

Figure 1 shows a uniform spinning Timoshenko beam in an iner-
tial coordinate system oxyz. The beam is assumed to have a circular
cross section with radius R and is supported by spring and damper
sets in the x direction at both ends. For clarity, similar spring and
damper sets supporting both ends of the beam in the y direction are
not shown. The equations of motion for the beam in the x-z plane
are!

kAG ou,
V., = lo, — — 5
| 7 ((p, aC) (5)
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Fig.1 Spinning Timoshenko beam with elastic supports.

and in the y-z plane are

V. = KAG ! ou, ©)
y = Py oc
10V, %,
-—2 +pA—= = 1
1oc P (10)
_ElD
=P an
1 aC
1 oM % RJ0)
— 2+ V, +pl—2 —QJ = =0 12
I oc TP e Y (12)

where § =z/1.
By using the DQ rule, Egs. (5) and (6) can be written in the
following discrete form, respectively:

{Va} = (RAG/ D) (o } = [W [ ) (13)

1 v, azun-
- X ; A — =
Wi lvay+p { — } 0 (14)

where the upper indices u, and V, indicate that the associated
weighting matrices represent differentiation of u, and V,, respec-
tively, with respect to the space variable £. Substitution of Eq. (13)
into Eq. (14) yields

—} + [ [xAGU{gu ) = [W [RAG[ W ]} =

(15)

Following the same procedure, the governing equations (7-12) are
written in discrete form as

Dy a(py,- _ M, 2 o .
”{ ot? }+QJ l{ ot } [Wij ] i [Wij ]{(sz}

+ KAGI{(pn}_ KAG[ l:(]{un} = (16)

2
par |t (W) kGl 0,1 - (W) 1sAGIW; T, ) =0

17
LY 3. LELL
P”{ atz) } - QJP]{ ot } - [Wlllw ]T[sz ]{(Pyi}
+KAG1{(p)l}—KAG[ ]{”)z} — (18)

In Egs. (16-18) the upper indices M., M,, V,, ¢, and @, of the
weighting matrices indicate that the associated weighting matrices
represent differentiation of M,, M, V,, ¢, and ¢,, respectively,
with respect to the spatial variable {. Before boundary conditions
are incorporated, all of the weighting matrices in Eqs. (15-18) are
identical, regardless of their indices.

Equations (15-18) can be written in matrix form as

[M]{G} + [Glg} + [K]{q} = {0} (19)
where
RTINS F1700% L TS R VS LR P L (20)
[[MA] [0] [0l [o] ‘l
| [o1 M1 [o] o]
[M]4N X4N — [0] [0] [MA] [0] (21)
[0] [0l [0]1 [M,]
[[0] [0] [0] [0] ‘l
_|lo] [0] [0] diag[©J,!]
[Glan xan = L[O] [0] [0] [0] (22)
[0] —diag[©2/,[] [0] [0]



CHOI, WU, AND CHOU

(K], [Kl [0]  [0]

(K Lo an = [[K]zl [Kl, [0]  [o0] _[
(01 [0] [Kls [Kls

[ (01 o] [Kls [K ]44J

[M,] = diag[pAl%], (M,] =diaglpll] ~ (23)

[M] is a diagonal matrix, and [G] is a skew-symmetric matrix,
whereas the matrix [K] contains all of the weighting matrices in
Eqgs. (15-18), and its elements are listed in the Appendix.

In this paper Timoshenko beams with uniform cross sections
are considered. However, beams with nonuniform cross sections,
such as tapered or stepped beams, could also be treated by the
present approach with a slight modification to the formulation just
shown.

Application of Boundary Conditions
For a Timoshenko beam the boundary conditionsin the x-z plane
are usually of the followingtypes: 1) hingedend, u, =0and M, =0;
2) clampedend, u, =0 and @, =0; 3) freeend, M, =0 and V, =0;
and 4) elastically supported end, M, =0 and

!
KAGMX(?’ 1)

- kAGo.(&.1)

ou (S, 1)

= K\'\' X , 1 +Cxx
a( wx (G0, 1) P

)

where a =1 for the left end of the beam, § =0, and a =—1 for the
rightend, § =1.

In this paper the approach for applying boundary conditions is
to modify the weighting matrices in Eq. (19) according to the end
conditions of the beam. As an example, for a beam having one end
clamped and the other end free in the x-z plane, the weighting
matrices in Egs. (15-18) are modified as follows:

1) At the leftend { =0: u, =0 and ¢, =0.

Because u, and ¢, are equal to zero at the first sampling point,
i.e., u,, and ¢, are always zero, [Wl.‘;.“] and [Wl.‘;.’“] are then modified
as

(24)

[0 0 0 o‘l i) [ 1 0
0 pAP 0 0 fix2 W W
| - z | ; +;<AG1| ’ z
LO 0 pAl? OJ Uen—1 LWN—I,I Wy _i12
0 0 o ol a, 0 0
-1 0 0 0 u,
Wy W, Won -1 Wiy Uy
—kAG | : : | :
LWN—I,I WN—I,Z WN—I,N—I WN—I,NJ u{\'N—l
0 0 0 -1 ey
C. 0 0 0 iy )
0 O 0 0 [T
+1| Do S | :
0 0 0 0 lum_ll
0 O 0 -C,, Uyn
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[0 Wi, Win-i Wiy 1
L | 0 W, Won -1 Wan |
[Wii'x] = [Wi([x] = | |
LO Wy _12 Wy _1n-1 WN—l,NJ
0 WNZ WN,N—I WNN

2) Attherightend { =1: M, =0 and V, =0.

Because M, and V, are equal tozeroat the last samplingpoint,i.e.,
M,y and V,y are always zero, [W "] and [W *] are then modified
as

Wll W12 WI,N—I 0

W21 W22 WZ,N—I 0

Vel My _ . . . .
[Wij]_[ ij)]_ . . :l
LWN—I,I WN—I,Z WN—I,N—I OJ

WNI WNZ WN,N—I 0

Following the same procedure, any combination of free, simply
supported,and clamped boundary conditionsof a Timoshenko beam
can be treated when using the DQ method.

However, for an elastically supported beam the procedurealready
described for applying boundary conditions is not suitable because
the conditions for the shear force are now from force equilibrium.
For the elastically supported beam shown in Fig. 1, boundary con-
ditions are bending moments M, =0 and M, =0 at both ends, and
the weighting matrices [W *] and [W ’] in Eqs (16) and (18) are
then modified as

0 Wi, Win-1 0

- [0 Wa, Won -1 0
wirl=[w"1=|: e

LO Wy-12 Wy-_inv-1 O

0 Wia Wyn -1 0

The other two boundary conditions of elastically supported ends
in the x-z plane, which are given as Eq. (24), are obtained from
force equilibrium. Equations (15) and (17) are also obtained from
the force equilibrium equations (5) and (9). By imposing Eq. (24)
on Eq. (15), the following equation is obtained:

0 0 —l D1 J

Wyn -1 Wiy | (2%]

Wy —in-1 WN_l,NJ Pen -1
0 —1 (29
J Kxx 0 0 0 Uy J

0 0 0 0 Uy
0 0 0 0 Uy -1
0 o0 0 —-K,, U,y

(26)
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where {u/ } = [Wl.‘;:‘ H{u, }, as indicated by Eq. (1). Equation (26) rep-
resents N linear ordinary differential equations. The two equations
from the first and the last rows of Eq. (26) satisfy the boundary con-
dition (24) for the left and right ends, respectively. Equation (17) is
treated in a similar manner for incorporating boundary conditions
of elastic supportsin the y-z plane. The system equation of motion
is now written as

[M1{G}+ (1G] = [C"Dig} + (K] = [[K"Dig} = {0}

where [K?] and [C?] are given in the Appendix; the matrix [M*] is
the same as the matrix [M] in Eq. (21) except that the first and last
elements of [M,] are set to zeros.

@7

Numerical Results
Natural frequencies of a spinning Timoshenko beam with clas-
sical boundary conditions or elastic supports are obtained by using
the DQM. Geometric and material properties of the beam are listed
in Table 1. The accuracy and convergence properties of the solu-
tions obtained by using the DQM are studied. Table 2 presents the

Table1 Geometric and
material properties of the
spinning Timoshenko beam

Parameter

Value

o K yy
x> Cyy

AX~AXxQMmD

7800 kg/m?
2.0 X 10" N/m?
7.7 X 10'° N/m?

0.05m
0.88
1.3m
5.0 X 10" N/m
5.0 X 10? N-s/m
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numerical results by the DQM using differentnumbers of sampling
points. Excellent accuracy and good convergence of results are ob-
tained. Results are sufficiently accurate by using 13 sampling points.
For simply supported beams there are actually four roots for each
normal mode. However, the frequencies of the second pair are of
very large magnitude, and they have no physical meanings 2

By using the DQM with 13 sampling points, the natural frequen-
cies of thebeam with differentboundary conditionsand at a spinning
speed of €2 =500 rad/s are obtained and presented in Table 3. The
exact values presented by Zu and Han? are also listed in this table
for comparison. All results obtained by the DQM are in excellent
agreement with the exact values, and the errors are less than 0.1%.
From Table 3 one can see the superb accuracy of DQM when it
is applied to a spinning Timoshenko beam with classical boundary
conditions.

For anelasticallysupported Timoshenkobeam, as shownin Fig. 1,
the springs and dampers are assumed to be isotropic, and their co-
efficients are listed in Table 1. The whirl speeds of the spinning
Timoshenko beam with elastic supports are obtained by the DQM
and are shown in Fig. 2. Also shown in Fig. 2 are results obtained by
the finite element method (FEM) using 12 elements. For this case
the same number of degrees of freedom is used for both DQM and
FEM. It is observed that all whirl speeds obtained by DQM are less
than the corresponding ones obtained by FEM but they have small
difference (about 1%).

A parametric study is performed for the influence of support stift-
nesson the natural frequenciesof the beam. With damping neglected
the variations of the first three natural frequencies of a nonspinning
beam vs the spring stiffness are shown in Fig. 3. As expected, when
the spring coefficients increases from very low to very high val-
ues, the behavior of the beam is changed from that of a free-free
beam to that of a hinged-hinged beam. The first three natural fre-
quencies of the hinged-hinged beam are 734, 2876, and 6267 rad/s,
and the corresponding exact values of a Bernoulli-Euler beam are
739,2957,and 6654 rad/s.'® The Bernoulli-Euler beam theory gives

Table 2 Natural frequencies of the spinning simply supported Timoshenko beam at Q=500 rad/s

. Mode 1, rad/s Mode 2, rad/s Mode 3, rad/s Mode 4, rad/s
Number of
sampling points B F B F B F
Exact® 732.258  735.818  2869.54  2882.80 6254.04 6280.74 10676.8 10718.1
DQM, N =9 732.258  735.818  2869.67 2882.93 6248.40 6275.08 10934.6 10976.6
DQM, N =10 732.258  735.818  2869.54  2882.79  6255.60  6282.31 10627.6  10668.8
DQM, N =11 732258 735.818  2869.54  2882.80 6253.88 6280.58 10687.4 10728.8
DQM, N =12 732.258  735.818  2869.54  2882.80 6254.01 6280.71 10675.2  10716.5
DQM, N =13 732.258  735.818  2869.54  2882.80 6254.04 6280.74 10676.6 10717.9
DQM, N = 14 732.258  735.818  2869.54  2882.80 6254.04 6280.74 10676.8 10718.1
DQM, N =15 732.258  735.818  2869.54  2882.80 6254.04 6280.74 10676.8 10718.1

aReference 2; B: backward, F: forward.

Table 3 Natural frequencies of the spinning Timoshenko beam at Q=500 rad/s

Mode 1, rad/s Mode 2, rad/s Mode 3, rad/s Mode 4, rad/s
Boundary
conditions B F B F B F B F
Hinged-hinged DQM 732.258 735.818 2869.54 2882.80 6254.04 6280.74 10676.6 10717.9
Exact?® 732.258 735.818 2869.54 2882.80 6254.04 6280.74 10676.8 10718.1
Error 0% 0% 0% 0% 0% 0% 0% 0%
Clamped-clamped DQM 1626.94 1631.02 4329.44 4343.24 8136.95 8163.07 12809.1 12847.4
Exact?® 1626.94 1631.02 4329.45 4343.25 8132.10 8157.92 12803.9 12842.3
Error 0% 0% 0% 0% 0.06% 0.07% 0.04% 0.04%
Free-free DQM 0 0 0 0 1641.36 1658.89 4408.59 4444.36
Exact?® 0 0 0 0 1641.37 1658.89 4408.60 4444.37
Error 0% 0% 0% 0% 0% 0% 0% 0%
Hinged-free DQM 0 0 1137.25 1147.01 3602.57 3626.27 7265.29 7305.53
Exact?® 0 0 1137.25 1147.01 3602.57 3626.27 7265.40 7305.65
Error 0% 0% 0% 0% 0% 0% 0% 0%
Clamped-free DQM 261.635 263.334 1607.18 1618.49 4370.97 4395.50 8232.56 8272.69
Exact?® 261.635 263.334 1607.18 1618.49 4370.98 4395.52 8232.94 8273.07
Error 0% 0% 0% 0% 0% 0% 0% 0%
Clamped-hinged DQM 1133.80 1137.83 3573.51 3587.19 7179.96 7206.41 11741.4 11781.4
Exact® 1133.80 1137.83 3573.51 3587.19 7180.06 7206.51 11739.2 11779.2
Error 0% 0% 0% 0% 0% 0% 0.02% 0.02%

AReference 2; B: backward, F: forward.
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higher values of natural frequenciesthan the Timoshenko beam the-
ory does, especially for higher modes.

Conclusions

In this paper the dynamic characteristics of a spinning
Timoshenko beam are studied by using the DQM. Boundary condi-
tions of elastic supports are incorporated into the discretized equa-
tions. Numerical results of whirl speeds for beam with classical or
elastic-supportboundary conditions are obtained. Excellent agree-
ments are observed from comparison of the DQM results and exact
solutions or results obtained by the FEM. The DQM is an accurate
and efficient numerical method for dynamic analysis of elastically
supported spinning beams.

Appendix: Matrices [K], [C?], and [K®]
Elements of the matrix [K] in Eq. (23) are

(KT = _[Wiy(]KAG[WiL;X]’ [K]i2 = —KAGI[W;;“]
KLy =-xAG[W/;]
[K]y, =diag[kAGI] — [Wl,ll‘.“](E[/[)[Wi‘}’x]

(Kl = [, JxAG[ W], (Kl = —KAGI[W']

[Klss = —KAG[WI.L;.”]
[Ky =diag[kAGI] = [W," [(EL/ H[W,)]

Matrices [C?] and [K?] in Eq. (27) are

[[ct] 101 o] [01]
[CPlayvux = | 1O 107 0] [0]
[0 [0 [c] [OJJ
L [0] [0] [o] [o0]
(k2] 101 o] [011
(Ko waw = | @ 101 10] [0]|
o] o1 [k%] (o]
L [0l [0] (o] [o]J
c, 0 0 0
o 0 --- 0 0
[C?i]zvxzv = |’ L=x,y
0 0 0 0 J
L0 O 0 —-Cy
K, © 0 0
o 0 --- 0 0
[Kilyow = Do B I=x,y
o 0 --- 0 0 J
L0 0 --- 0 —-K;
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